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Abstract

The aim of the paper is to introduce the concept of py,n-mra closed sets in bigeneralized topological spaces and
study some of their properties. We also introduce the notion of | q-mra continuous function and pm ny-mra Ty
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I. l.Introduction

A.Csaszar [3] introduced the concepts of
generalized neighborhood systems and generalized
topological spaces. He also introduced the notions of
continuous functions and associated interior and
closure operators on generalized neighborhood
systems and generalized topological spaces. Also in
[4] he investigated the notions of  p-a-open sets, p-
semi open sets, P- pre open sets and p- B open sets in
generalized topological space.

W.Dungthaisong, C.Boonpok and C.Viriyapong
[9] introduced the concepts of bigeneralized
topological spaces and studied (m, n)- closed sets and
(m, n)- open sets in bigeneralized topological spaces.
Also several authors were further extended the
concept of various types of closed sets [2, 5, 6, 7] in
bigeneralized topological spaces.

In this paper, we introduce the notion of pmn-
nra. closed sets, Wmn-mra. continuous functions and
Mmm-mra. Ty, spaces in bigeneralized topological
spaces and investigate some of their properties.

1. Preliminaries
We recall some basic concepts and results.

Let X be a nonempty set and let exp(X) be the power
set of X. pcexp(X) is called a generalized topology
[3](briefly, GT) on X, if @ ep and unions of elements
of p belong to p. The pair (X, W) is called a
generalized topological space (briefly, GTS). The
elements of p are called p-open subsets of X and the
complements are called p-closed sets. If (X, W) is a
GTS and AcX, then the interior of (denoted by
iu(A)) is the union of all GEA, Gep and the closure
of A (denoted by c,(A)) is the intersection of all -
closed sets containing A. Note that cy(A) =
X=iy(X=S) and iy(A) = X —c,(X—-A) [3].

Definition 2.1[4] Let (X, px) be a generalized
topological space and A< X. Then A is said to be
(i) - semiopen if AS cu(iu(A)).

(i) p- pre open if ASiy(c,(A)).

(iii) p-a-open if A<iy(c,(iu(A))).

(iv) u-B-open if Acc,(iy(c.(A))).

(v) H-r-open [8] if A = iy(c,(A))

(vi) p-ra-open [1] if there is a p-r-open set U
such that UcAcc,(U).

Definition 2.2 [1] Let (X, W) be a generalized
topological space and A< X. Then A is said to be p-
nro, closed set if ¢, (A) €U whenever AcU and U is
p-ra-open set. The complement of p-nra closed set is
said to be p-nra. open set.

The complement of p-semi open ( p-pre open, pi-
a-open, W-p-open, p-r-open, p-ra-open) set is called
p- semi closed ( p- pre closed, p-a- closed, p-B-
closed, p-r- closed, p-ra-closed) set.

Let us denote the class of all p-semi open sets, u-
pre open sets, p-a-open sets, p-p-open sets, and p-mro
open sets on X by o(uy) (o for short), m(py) (n for
short), a(py) ( a for short), B(uy) (B for short) and
np(uy) (mp for short)respectively. Let p be a
generalized topology on a non empty set X and ScX.
The p-a-closure (resp. p-semi closure, p-pre closure,
p-p-closure, p-mra-closure) of a subset S of X
denoted by c,(S) (resp. Co(S), C«(S), Ca(S), Cp(S)) is
the intersection of p-a-closed( resp. p- semi closed,
p- pre closed, p-p-closed, p-mro closed) sets
including S. The p-a-interior (resp. p-semi interior,
p-pre interior, p-B-interior, p-wra-interior) of a subset
S of X denoted by i,(S) (resp. i5(S), ix(S), is(S),
ip(S)) is the union of p-a-open ( resp. p- semi open,
- pre open, p-p-open, P-mro. open) sets contained in
S.

Definition 2.3 [2] Let X be a nonempty set and L1y, M,
be generalized topologies on X. A triple (X, My, W) is
said to be a bigeneralized topological space.

Remark 2.4 Let (X, W, MYp) be a bigeneralized
topological space and A be a subset of X. The closure

of A and the interior of A with respect to y,, are
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denoted by cu,, (A) and iy, (A) respectively for m =
1,2. The family of all p,- closed set is denoted by the
symbol F,..

Definition 2.5 [2] A subset A of bigeneralized
topological space ( X, Hi,My) is called (m, n)- closed
if cu,, (cu, (A))=A, where m, n =1, 2 and m=n. The
complements of (m, n) closed sets is called (m, n)-
open.

Proposition 2.6 [2] Let (X, M1, H2) be a bigeneralized
topological space and A be a subset of X. Then A is
(m, n)- closed if and only if A is both p- closed in (X,

Hm) and (X, Hn).

Definition 2.7 [9] A subset A of a bigeneralized
topological space (X,M1, M) is said to be (m, n)-
generalized closed (briefly pg, n- closed) set if
cu, (A) € U whenever A€ U and U is - open set
in X, where m, n= 1,2 and m=n. The complement of
M(m,n- closed set is said to be (m, n)- generalized open
(briefly pmn-open) set.

Definition 2.8 [9] A bigeneralized topological space
(X, M1, M) is said to be pmn-Tip-Space if every
M(mmn- closed set is p.-closed, where m, n= 1,2 and
m=n.

Definition 2.9[9] Let (X,uy, u2) and (Y, u;, pZ) be
bigeneralized topological spaces. A  function
f:.(X, 1t 1z) = (Y, p3)is said to be (m, n)-
generalized continuous(briefly, gimn- continuous ) if
f1(F) is H(m,m- closed in X for every p,- closed set F
of Y, where m, n = 1,2 and m#n.

A function f: (X,uy, u2) —=(Y.uy, p;)is said to be
pairwise continuous if  f:(X,uy)—=(Y, uy) and
f:(X, u2)-(Y, u3) are continuous.

Definition 2.10 [9] Let (X, u3.,u42) and (Y, u;, u2) be
bigeneralized topological spaces. A function f: (X,u2,
uz) =(Y.py, p3) is said to be g irresolute if
YF)is M(m,nm- closed in X for every pmn)- closed set F
inY, where m, n=1,2 and m=#n.

HI Y, -l rl closed sets
In this section, we introduce W, n- Tra closed
sets in bigeneralized topological spaces and study
some of their properties.

Definition 3.1 A subset A of a bigeneralized
topological space (X, Hi,My) is said to be Pim, ny- mra
closed if cmr,, (A)<U whenever A< U and U is py-ro
open set in X, where m, n = 1,2 and m=#n. The
complement of a m, n- mra: closed set is said to be
M(m, ny-7tra. open set.

We denote the family of all pin n)- ara closed (resp.
H(m, n- 7ra. open) set in (X, py,Hp) iS M, ny- 1raC(X)
(resp. Wm, n- 1raO(X)), where m, n= 1,2 and m #n.

Theorem 3.2 (i) Every (m, n)- closed set is iy, n-nra
closed.

(if) Every p,- closed set is p(m, ny-mtra closed.

Proof: (i) Let A< U and U is py-ra open set. Since A
is (m, n)- closed set then cu,, (cu,, (A)) =A. Therefore
cm,y, (cm, (A)) € cu,y, (e, (A)) = A €U.Since cmr, (A)
ccem,, (e, (A)S U, we get cm, (A)S U. Hence A is
M(m, ny-tra closed.

(ii) Let A be a p,-closed set and U be a py-ra open
set containing A. Then cu, (A) = ACU. Since cm,, (A)
ccu, (A), we get cmr,, (A)SU. Therefore we get A is
H(m, ny-tro. closed.

The converse of the above theorem is not true as seen
from the following example.

Example 3.3 Let X= {a, b, c}.Consider the two
topologies w,= {@, {a}, {a, b}, X} and p,= {@, {c},
{b, c}}. Then the subset{c} is pz-nro closed but
not (1,2)- closed and p,-closed.

Remark 3.4 The concepts Ym ny- closed and pm, n)-
nra closed are independent notions. This can be seen
from the following examples.

Example 3.5 [, z-mra closed # 1 »-Closed.
Let X = {a, b, c}. Consider the two topologies p;=

{0, {a}, {a, b}, X} and p,= {@, {c}, {b, c}} on X.
Then @ is |, 2- mra closed but not P, »- closed.

Example 3.6 L, 2- closed # i »-ra closed.

Let X = {a, b, ¢, d}. Consider the two topologies ;=
{9, {a}{c}, {a c}, {a b, c}, X} and p= {@, {c}, {b,
c}} on X. Then {b, c} and {b, d} are is Mg, 2-
closed but not i, 5-mra. closed.

Remark 3.7 The intersection of two p(m, n-nira closed
sets need not be a U, ny-mra. closed set as seen from
the following example.

Example 3.8 Let X = {a, b, ¢, d}. Consider the two
topologies w,= {0, {a}.{c}, {a, c}, {a, b, c}, X} and
o= {@, {c}, {b, c}} on X. Then {a, c}and {c,
d}are is pg, o-mra closed but {a, c}n{c, d} = {c} is
not W, »-mro closed.

Remark 3.9 The union of two P, n-nro closed sets
need not be a Y, n-mra closed set as seen from the
following example.

Example 3.10 Let X = {a, b, c}. Consider the two

topologies = {0, {b}, {a, c}, {b, c}, X} and p,= {0,
{b, c}, {a, c}, X} on X. Then {a}and {c}are is p, 2-
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nro. closed but {a}u{c}= {a, c}is not pg, p-mra
closed.

Proposition 3.11 For each element x of a
bigeneralized topological space (X, U1, K2), {X} IS k-
ra closed or X — {X} iS Ym, n-nira closed, where m, n
=1,2and m #n.

Proof: Let x €X and the singleton{x} be not p,-ra
closed. Then X —{x} is not p-ra open.

If X is py-ra open then X is the only py,-ro. open set
which contain X— {x}and so X— {x}is pm, n-mro
closed. And if X is not py-ra open then X— {x} is
M(m, n-raL closed as there is no py-ro. open set which
contains X— {x}and hence the condition is satisfied
vacuously. .

Proposition 3.12 Let (X, Wy, M) be a bigeneralized
topological space. Let ASX be a Y, n-nra closed
subset of X, then cm,(A)—A does not contain any
non empty HUy-ro closed set, where m, n= 1,2 and
m=n.

Proof: Let A be a [y, n- mira closed set and F # @ is
Mm-ra closed such that FEcm, (A)—A.Then FEX—-A
implies ASX—F. Since A is Hm n-nra closed,
cm,, (A)SX—F and hence FEX—cm, (A).

That is FEcm, (A)N(X—cm, (A))=0.

Therefore cm,, (A)—A does not contain any nonempty
Mm-ra closed set.

Proposition 3.13 Let u; and p, be generalized
topologies on X. If A is Y, n-mra closed set, then
e, ({x})NA= @ holds for each xecm,, (A), where m,
n =1, 2and m=n.

Proof: Let xecm, (A). Suppose that cr,, ({x})NA= 0.
Then AcX—cm,, ({x}).Since A is P n-mro closed
and X—cm,({x}) iS Hmra open. We get
cr, (A)EX—cm,, ({X}). Hence
cm, (A)Ncer,, ({x})=0, which is a contradiction to our
assumption. Therefore cm,,, ({x})NA # 0.

Proposition 3.14 If A is Ym, n)-mra closed set of (X,
#4,E;) such that ASBE cm,, (A) then B is Bm, n) -Tra
closed set, where m, n= 1,2 and m#n.

Proof: Let A be Bm, n-mra closed set and
ACBCcm, (A). Let B U and U is By-ra open. Then
AcU. Since A is Bm, n-mra closed, we have
cr, (A)SU.Since BCcm, (4), then
cr, (B)Scm, (A)SU. Hence B is B, n)-mra closed.

Remark 3.15 [, »-nraC(X) is generally not equal to
He, 1-mraC(X), as can be seen from the following
example.

Let X = {a, b, c}. Consider the two topologies ;=
{0, {a}, {a, b}, X} and B,= {@, {b}, {a, c},{b, c}, X} on
X. Then B, 2)-mraC(X)= {@,X{a},{b},{c}{a, b}{b,
ch{a, c}}land B, 1y-mraC(X) = {@, X,{b},{c}.{a, b},
{b, c}}.Thus M, 2)-7'CI’(XC(X)-'/:H(2' 1)-7'CI‘(IC(X).

Proposition 3.16 Let p; and M, be generalized
topologies on X if Py Sy, then pp, 1y-traC(X)SH, 2
nraC(X).

Proof: Let A be a P, 1)-ira closed set and U be a ;-
ro. open set containing A. Since p;CSH, we have
cmy(A)Scem;(A) and p-C(X)Sp-C(X). Since A
€U, 1-mraC(X), cmry (A)SU. Therefore cm,(A)€U, U
is Wy-ra open. Thus A€, »-traC(X).

Proposition 3.17 If A be a subset of a bigeneralized
topological space (X, Hi,Mz) iS Pm, ny-nra closed then
cm, (A)—A iS W, n-nro. open, where m, n=1, 2 and
m=n.

Proof: Suppose that A is m n-mra closed. Let
X—(cm,(A)—A)CU and U is Bn-ra open. Then
X-U)S(cm,(A)—A) and X—-U is Byra closed.
Thus by Proposition 3.12 cm,(A)—A does not
contain non empty pp-ro closed.

Consequently X— U = @, then X= U. Therefore
cm, (X—(cm, (A)—A))cU.

So we obtain X—(cm, (A)—A) IS W, n-mra closed.
Hence cm,, (A)—A iS U, ny-7tro. open.

IV. Um, n-L) rl) continuous functions
In this section, we introduce Ly, n- ara continuous
functions and P, n-mra Ty, in bigeneralized
topological spaces and study their properties.

Definition 4.1 Let (Xui, pZ) and (Y.u, uj) be
bigeneralized topological spaces. A function f:
Ky u) =Yy, p3) is said to be P nymra
continuous if f*(F) is M(m, ny-7tral closed in X for every
Mq-closed set F of Y where m, n= 1,2 and m=n.

Definition 4.2 Let (Xuyuz) and (Y., py) be
bigeneralized topological spaces.

A function f: (X,uz, u3) —=(Y.uy, p5) is said to be p,
n-mro. irresolute if f YR is M(m, ny-mra. closed in X for
every Um, n-nra closed set F in Y where m, n= 1,2
and m=n.

Theorem 4.3 Every pairwise continuous function is
H(m,n-Ttra. continuous.

Proof: Let f: ((X,uz, p3) =(Y.uy, p3) be pairwise
continuous. Let F be a p,-closed setin'Y.

Then £1(F) is p,-closed in X. Since every p,-closed is
H(m, nmra. closed, where m, n = 1, 2 and m #n.We
have f is [(m, ny-tra. continuous.

Theorem 4.4 For an injective function f: (X,ul, u2)
—(Y,uy, 13 the following properties are equivalent.
(i) fis pm,n-mro continuous.
(if) For each xeX and for every p,- open set V
containing  f(x), there exists a pm, n-nra
open set U containing x such that f(U) cV.
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(iii) f(cp} (A)) S cuf (f(A)) for every subset A

of X.
(iv) cuy (f = 1(B)) < f — 1(cpy (B)) for every
subset B of Y.

Proof: (i) =(ii) Let xeX and V be a p,-open subset of
Y containing f(x). Then by (i), (V) is W, n-7ra
open of X containing x. If U= f*(V) then f(U) CV.
(ii)=(iii) Let A be a subset of X and f(x) & cuj
(f(A)). Then, there exists a p,-open subset V of Y
containing f(x) such that VNf(A)= @. Then by (ii),
there exist a wm, n-mra open set U such that
f(x)ef(U)SV. Hence f(U)Nf(A) = @ implies UnA =
@. Consequently,x & cu}(A) and f(x) & cul (A).
(iii)=(iv) Let B be a subset of Y.
By (iii) we have f(cux(f —1(B))) € cuy(f(f —
1(B))).
Thus (cux (f = 1(B))) € f — 1(cuy(B)).
(iv) = (i)Let Abe a un
— closed subset of Y, Let U be a
um — ra open subset of X such that f — 1(A)
C U.Since cuy (A)
= Aand by (iv) cn}(f — 1
(A) € cux (f — 1(4))
€ f — 1(ci} (4))
cf-14) <
Hence f(A) is W, n-ra closed for each p,-closed
set Ain Y. Therefore f is pm, n-tra. continuous.

Definition 4.5 A bigeneralized topological space
(Xui, p2) is said to be P, n-mro Ty, space if for
every WU, n-ro closed set is p,-closed where m, n =
1,2 and m #n.

Proposition 4.6 Let f:(X,uy, p2) »(Y.uy, p3) and
g:(Y.uy, py) —=(Zuy, uz) be functions, the following
properties hold.
(M If fis Ym, n-mra irresolute and pm,
n-mra continuous then gof is Yym, ny-
Tro continuous.

(i) If f and g are Y n-mra irresolute
then gof is P, ny-nra irresolute.
(iii) Let (Y,uy, u3) be @ P, n-mra Ty

space. If f and g are Y n-mra
continuous then gof is P ny-nra
continuous.

(iv) If fis P, ny-ra continuous and g is
pairwise continuous then gof is pm,
n)~Tro. continuous.

Proof: (i) Let F be a p,-closed subset of Z. Since g is
M(m, n-mtra. continuous then g*(F) is M(m, n-mra closed
subset of Y. Since f is Py, n-nra irresolute, then (gef)”
Y(F)= (g™ (F)) is Wm, ny-7ra. continuous.

(ii) Let F be a P, n- mra closed subset of Z. Since g
IS M(m, ny-7ira irresolute, then g(F) is M(m, ny-1tra. closed
subset of Y. Since f is pm, n-nra irresolute, then (gof)”
Y(F)= fg*(F)) is W, n-mra closed subset of X.

(iii) Let F be a p,-closed subset of Z.

Since g is W, n-nro continuous, then g'(F) is Mm,
n-7ra closed subset of Y. Since (Y.}, 42) is a P, ny-
aro. Ty, space then g™(F) is pn-closed subset of Y.
Since f is pm, ny-ra: continuous then (goh)*(F)=F
Yo (F)) is M(m, n)- 7ro. closed subset of X. Hence geof
iS Km, ny-Ttra continuous.

(iv) Let f be pm, n-mra: continuous and g be a pairwise
continuous. Let F be p,-closed in Z. Since g is
pairwise continuous, g™(F) is p.-closed. Since f is
H(m, n)-Ttra. continuous, f Yg*(F)) is M(m, n-mro. closed
in X, m, n=1,2and m#n. Therefore gof is pm, n-
7o continuous.

Theorem 4.7 A bigeneralized topological space is
H(m, ny-mtrar Topo iff {X}is Hy-open or py-ra closed for
each xeX, where m, n = 1,2 and m=n.

Proof: Suppose that {x} is not pn-ra closed. Then
X—{x} i Ym, ny-ra closed by Proposition 3.11. Since
X 18 Ym, ny-miraL Ty, space, X—{x}is Ma-closed.
Hence {x} is 1,-open.

Conversely,

Let F be a Yy, ny-mra closed set. By assumption {x} is
Mn-0pen or pn-ra closed for any x€ crm,, (F).

Case i: Suppose that {x} is p,-open. Since {x}NF=#
@, we have xeF.

Case ii: Suppose {x} is pm-ra closed. If x&F, then
{x}< cm, (F)—F.

This is a contradiction to the Proposition 3.12.
Therefore xeF. Thus in both cases, we conclude that
F is po-closed. Hence (X,ul, u2) is a Ugm, n-mra. Ty
space.
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